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3-DIVISIBILITY OF 9- AND 27-REGULAR PARTITIONS
S. ABINASH
Abstract. A partition of n is l-regular if none of its parts is divisible by l. Let bl(n) denote the number
of l-regular partitions of n. In this paper, using the theory of Hecke eigenforms explored by J.-P. Serre,
we establish exact criteria for the 3-divisibility of b9(n) and b27(n).
1. Introduction
A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n. The
members of the sequence are called parts. For an integer l ≥ 2, a partition of n is said to be l-regular if
none of its parts is divisible by l. Let bl(n) denote the number of l-regular partitions of n. By convention,
we assume that bl(0) = 1. The generating function for bl(n) is given by
∞∑
n=0
bl(n)q
n =
∞∏
m=1
(
1− qlm)
(1− qm) .(1)
We also state the definition of Dedekind’s eta-function,
η(z) := q1/24
∞∏
m=1
(1− qm),(2)
where q = e2piiz .
In recent years, a few works have been done with regard to divisibility of l-regular partitions. For
instance, Gordon and Ono [2] showed that bl(n) is almost always divisible by l
i for any prime l and
any positive integer i. Lovejoy and Penniston [3] proved some results on 3-divisibility of b3(n). For
l ∈ {5, 7, 11}, Dandurand and Penniston [1] gave exact criteria for the l-divisibility of bl(n). In [4],
Penniston established a precise description of the behaviour of b11(n) modulo 5 when 5 ∤ n.
In this paper, we establish precise criteria for 3-divisibility of b9(n) and b27(n). For any positive integer
n and prime p, let ordp(n) denote the highest power of p that divides n. The following is the first main
result of this paper.
Theorem 1.1. Let n be a nonnegative integer. We have that b9(n) is divisible by 3 if and only if one of
the following conditions holds.
• #{p : p ≡ 2 (mod 3), ordp(3n+ 1) is odd} 6= 0.
• #{p : p ≡ 1 (mod 3), ordp(3n+ 1) ≡ 2 (mod 3)} 6= 0.
Note that for an odd prime p, we can write p = x2 + y2 for x, y ∈ Z if and only if p ≡ 1 (mod 4).
Furthermore, if p ≡ 5 (mod 12) then we may assume, without loss of generality, that x ≡ 1 ≡ −y (mod 3)
as x2+y2 ≡ 2 (mod 3); and if p ≡ 1 (mod 12) then we may assume, without loss of generality, that x 6≡ 0
(mod 3) and y ≡ 0 (mod 3) as x2 + y2 ≡ 1 (mod 3).
Suppose p1, · · · , ps are primes such that pj ≡ 5 (mod 12) with 3 || (xj + yj) and αj = ordpj (12n+ 13)
is even. Let’s denote
k := (−1)s+1

 s∏
j=1
(−1)αj/2−1p6αj−12j



 s∑
j=1
αj(αj + 2)
8

∏
i6=j
p12i



 ,(3)
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We also denote, for each α = ordp(12n+ 13) with p ≡ 1 (mod 12),
rα := #{p ≡ 1 (mod 12) : ordp(12n+ 13) = α},(4)
Aα := (x1 · · ·xrα)12α,(5)
Bα := (x1 · · ·xrα)12α−2
∑
i1<···<irα−1
j 6=is
(xi1 · · ·xirα−1yj)2.(6)
Now we state the second main result of this paper.
Theorem 1.2. Let n be a nonnegative integer. We have that b27(n) is divisible by 3 if and only if one of
the following conditions holds.
• #{p : p ≡ 7 or 11 (mod 12), ordp(12n+ 13) is odd} 6= 0.
• #{p : p ≡ 5 (mod 12), ordp(12n+ 13) is odd} 6= 0, 2.
• #{p : p ≡ 5 (mod 12), ordp(12n+ 13) is odd} = 2; 9 | (x + y) for at least one such p.
• #{p : p ≡ 5 (mod 12), ordp(12n+ 13) is odd} = 2; 3 || (x + y) for both such p;
#{p : p ≡ 1 (mod 12), ordp(12n+ 13) ≡ 2 (mod 3)} 6= 0.
• #{p : p ≡ 5 (mod 12), ordp(12n+ 13) is odd} = 0; k ≡ 0 (mod 3);
2
∏
α(α + 1)
rα
(∑
α
(
αBα
∏
β 6=αAβ
))
≡ 41∏α(α+ 1)rα (∑α (α(11α+ 26)Bα∏β 6=αAβ)) (mod 34),
where α varies over all distinct ordp(12n+ 13) with p ≡ 1 (mod 12).
• #{p : p ≡ 5 (mod 12), ordp(12n+ 13) is odd} = 0; k ≡ ε (mod 3) where ε = 1 or 2;
2
∏
α(α + 1)
rα
(∑
α
(
αBα
∏
β 6=αAβ
))
≡ 41(81d+ 1)∏α(α+ 1)rα (∑α (α(11α+ 26)Bα∏β 6=αAβ)) (mod 34),
where α varies over all distinct ordp(12n+ 13) with p ≡ 1 (mod 12) and d = εd′, d′ ∈ Z is the
inverse of
∏
p|(12n+13)
p≡1(12)
(−1)α/2p6α in (Z/35Z)∗ .
2. Preliminary for Hecke Eigenform
Let’s consider an imaginary quadratic field K = Q(
√
d) with discriminant dK . We denote the ring of
integers of K by OK . Suppose, c is a Hecke character on K of exponent k− 1 and conductor fc, where fc
is a nonzero ideal of OK .
Now we define the series
φK,c(z) :=
∑
a
c(a)qN(a) (q := e2piiz, Im(z) > 0),(7)
where the sum is taken over all ideals a of OK which are coprime to fc. We have that φK,c(z) is a
normalized Hecke eigenform of weight k, level |dK | ·N(fc) and character ǫKωc, where ǫK and ωc are two
Dirichlet characters defined as
ǫK(p) =
(
d
p
)
for primes p such that p ∤ 2d
and
ωc(n) =
c(nOK)
nk−1
for integers n such that the ideal nOK is coprime to fc.
For more details please refer to [1, 5].
3. Proof of Theorem 1.1
In (1), taking l = 9, we get
∞∑
n=0
b9(n)q
n =
∞∏
m=1
(
1− q9m)
(1− qm) ≡
∞∏
m=1
(1− qm)8 (mod 3).
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Thus, in view of (2), we have
∞∑
n=0
b9(n)q
3n+1 ≡ q ·
∞∏
m=1
(
1− q3m)8 ≡ η8(3z) (mod 3),(8)
In [5], Serre showed that η8(3z) is a Hecke eigenform of weight 4 and level 9. Let’s considerK = Q(
√−3)
whose discriminant is −3. We have OK = Z[ζ3] where ζ3 is a primitive cube root of unity. Now we fix the
ideal f =
√−3 ·OK ; note that N(f) = 3. We define a Hecke character c on K of exponent 3 and conductor
f.
Suppose a is an arbitrary ideal of OK coprime to f. Since OK is a PID, therefore a is a principal ideal.
Furthermore, we can always choose a generator a of a such that a ≡ 1 (mod f). We define c(a) = a3. It
can be easily verified that c thus defined is a Hecke character on K of exponent 3 and conductor f. Also,
ǫKωc turns out to be the principal character here. So, φK,c(z) from (7) is a Hecke eigenform of weight 4
and level 9.
Since η8(3z) = φK,c(z) (see [5]), therefore η
8(3z) is a Hecke eigenform of weight 4 and level 9. We write
φK,c(z) =
∞∑
n=1
s(n)qn.
By (8), we get
∞∑
n=0
b9(n)q
3n+1 ≡
∞∑
n=1
s(n)qn (mod 3).
Comparing the coefficients of the terms involving q3n+1, we get b9(n) ≡ s(3n + 1) (mod 3) for every
nonnegative integer n.
Let 3n+1 =
∏r
i=1 p
ei
i for some r ≥ 0 where pi’s are distinct primes. In view of the properties of Hecke
eigenforms, we have
s(3n+ 1) =
r∏
i=1
s(peii ).
So, we shift our focus to s(pj) for primes p.
For an odd prime p 6= 3, note that
p is totally split in K ⇐⇒
(−3
p
)
= 1
⇐⇒ p is represented by some primitive form of discriminant − 12
⇐⇒ p = x2 + 3y2 for some x, y ∈ Z
⇐⇒ p ≡ 1 (mod 3).
Consequently, p is inert in K ⇐⇒ p ≡ 2 (mod 3). Also, 2 is inert in K.
Let p ≡ 2 (mod 3). Since p is inert, therefore no ideal of OK has norm pj if j is odd. Thus, s(pj) = 0
if j is odd. If j is even, then pj/2OK is the only ideal with norm pj and by definition, clearly s(pj) 6≡ 0
(mod 3) in this case.
Let p ≡ 1 (mod 3). We can write p = x2 + 3y2 for some x, y ∈ Z with x ≡ 1 (mod 3). Only two ideals
of OK have norm p, namely, (x + y
√−3)OK and (x− y
√−3)OK . So,
s(p) = c
(
(x+ y
√−3)OK
)
+ c
(
(x− y√−3)OK
)
= (x+ y
√−3)3 + (x− y√−3)3 [x ≡ 1 (mod 3) =⇒ x± y√−3 ≡ 1 (mod f)]
= 4x3 − 12y2x− px
≡ 2 (mod 3).
Also, s(1) = 1 ≡ 1 (mod 3). Now, by the properties of Hecke eigenforms, we have
s(p2) = s(p)s(p)− p3s(1)
≡ 2 · 2− 1 · 1 (mod 3)
≡ 0 (mod 3).
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Using mathematical induction, it can be easily proved that for any k ≥ 0,
s(p3k) ≡ 1 (mod 3), s(p3k+1) ≡ 2 (mod 3), s(p3k+2) ≡ 0 (mod 3).
Hence, the proof is completed.
4. Proof of Theorem 1.2
In (1), taking l = 27, we get
∞∑
n=0
b27(n)q
n =
∞∏
m=1
(
1− q27m)
(1− qm) ≡
∞∏
m=1
(1− qm)26 (mod 3).
Thus, in view of (2), we have
∞∑
n=0
b27(n)q
12n+13 ≡ q13 ·
∞∏
m=1
(
1− q12m)26 ≡ η26(12z) (mod 3).(9)
In [5], Serre showed that η26(12z) is a linear combination of Hecke eigenforms of weight 13, level 144
and character χ−1(•) :=
(
−1
•
)
.
Firstly, let’s consider K1 = Q(
√−3) whose discriminant is −3. We have O1 = OK1 = Z[ζ3] where ζ3
is a primitive cube root of unity. Now we fix the ideal f1 = 4
√−3 · O1; note that N(f1) = 48. We define
Hecke characters c1± on K1 of exponent 12 and conductor f1.
Suppose a is an arbitrary ideal of O1 coprime to f1. Since O1 is a PID, therefore a is a principal ideal.
Furthermore, we can always choose a generator a = x+ y
√−3 of a with x, y ∈ Z, x+ y ≡ 1 (mod 2) and
x ≡ 1 (mod 3). We define
c1±(a) = (−1)(x∓y−1)/2a12.
It can be easily verified that c1± thus defined are Hecke characters on K1 of exponent 12 and conductor
f1. Also, ǫK1ωc1+ = χ−1 = ǫK1ωc1− . So, φK1,c1±(z) from (7) are Hecke eigenforms of weight 13, level 144
and character χ−1.
Next, let’s consider K2 = Q(i) whose discriminant is −4. We have O2 = OK2 = Z[i]. Now we fix
the ideal f2 = 6 · O2; note that N(f2) = 36. We define Hecke characters c2± on K2 of exponent 12 and
conductor f2.
Suppose b is an arbitrary ideal of O2 coprime to f2. Since O2 is a PID, therefore b is a principal ideal.
For a generator b of b, we determine m ∈ Z/2Z and n ∈ Z/8Z such that
b ≡ im (mod 2 · O2) and b ≡ (1− i)n (mod 3 · O2).
We define
c2±(b) = (−1)3m(±i)3nb12.
It can be easily verified that c2± thus defined are Hecke characters on K2 of exponent 12 and conductor
f2. Also, ǫK2ωc2+ = χ−1 = ǫK2ωc2− . So, φK2,c2±(z) from (7) are Hecke eigenforms of weight 13, level 144
and character χ−1.
Since
η26(12z) =
1
32617728
(
φK1,c1+(z) + φK1,c1−(z)− φK2,c2+(z)− φK2,c2−(z)
)
(see [5]),(10)
therefore η26(12z) is a linear combination of Hecke eigenforms of weight 13, level 144 and character χ−1.
We write
φK1,c1±(z) =
∞∑
n=1
t1±(n)q
n, φK2,c2±(z) =
∞∑
n=1
t2±(n)q
n.
By (9), we get
∞∑
n=0
b27(n)q
12n+13 ≡ 1
32617728
(
∞∑
n=1
(
t1+(n) + t1−(n)− t2+(n)− t2−(n)
)
qn
)
(mod 3).
Comparing the coefficients of the terms involving q12n+13, we get
b27(n) ≡ 1
32617728
(
t1+(12n+ 13) + t1−(12n+ 13)− t2+(12n+ 13)− t2−(12n+ 13)
)
(mod 3)
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for every nonnegative integer n. Since 34 || 32617728, therefore
b27(n) ≡ 0 (mod 3)⇐⇒ t1+(12n+ 13) + t1−(12n+ 13) ≡ t2+(12n+ 13) + t2−(12n+ 13) (mod 35).
In view of the properties of Hecke eigenforms, we have
t1±(12n+ 13) =
∏
p|(12n+13)
t1±(p
α), t2±(12n+ 13) =
∏
p|(12n+13)
t2±(p
α).
Before proceeding further, let’s have a look at t1+(p
α), t1−(p
α), t2+(p
α), t2−(p
α) for a prime p 6= 3.
Let t denote any one among t1± and t2±. In view of the properties of Hecke eigenforms, if p ≡ 1 (mod 4)
then we have for any β ≥ 0,
t(p2β) = t(p)2β −
(
2β − 1
1
)
p12t(p)2β−2 + · · ·+ (−1)β−1
(
β + 1
2
)
p12β−12t(p)2 + (−1)βp12β ,
(11)
t(p2β+1) = t(p)2β+1 −
(
2β
1
)
p12t(p)2β−1 + · · ·+ (−1)β−1
(
β + 2
3
)
p12β−12t(p)3 + (−1)β
(
β + 1
1
)
p12βt(p).
(12)
If p ≡ 3 (mod 4) then we have for any β ≥ 0,
t(p2β) = t(p)2β +
(
2β − 1
1
)
p12t(p)2β−2 + · · ·+
(
β + 1
2
)
p12β−12t(p)2 + p12β ,(13)
t(p2β+1) = t(p)2β+1 +
(
2β
1
)
p12t(p)2β−1 + · · ·+
(
β + 2
3
)
p12β−12t(p)3 +
(
β + 1
1
)
p12βt(p).(14)
Firstly, let p ≡ 11 (mod 12). Since p ≡ 2 (mod 3) and p ≡ 3 (mod 4), therefore p is inert in K1 and
K2, respectively. Consequently, t1±(p) = 0 = t2±(p). By (13) and (14), we have
t1±(p
α) = t2±(p
α) =
{
p6α if α is even,
0 if α is odd.
(15)
Secondly, let p ≡ 7 (mod 12). Since p ≡ 3 (mod 4), therefore p is inert in K2. Consequently, t2±(p) =
0. By (13) and (14), we have
t2±(p
α) =
{
p6α if α is even,
0 if α is odd.
(16)
Since p ≡ 1 (mod 3), therefore we can write p = z2 + 3w2 = (z + w√−3)(z − w√−3) for some z, w ∈ Z
with z ≡ 1 (mod 4). Moreover, as z2 + 3w2 ≡ 3 (mod 4), we must have z even and w odd and thus we
can choose z, w such that z + w ≡ 1 (mod 4) and z − w ≡ 3 (mod 4). Hence, we have
t1+(p) = −(z + w
√−3)12 + (z − w√−3)12 = −t1−(p).(17)
By (14), for any odd α, t1+(p
α) = −t1−(pα). Further, it can be easily verified that
t1+(p)
2 = t1−(p)
2 ≡ 0 (mod 35).(18)
By (13), we have for any even α
t1±(p
α) ≡ p6α (mod 35),(19)
Thirdly, let p ≡ 5 (mod 12). Since p ≡ 2 (mod 3), therefore p is inert in K1.Consequently, t1±(p) = 0.
By (11) and (12), we have
t1±(p
α) =
{
(−1)α/2p6α if α is even,
0 if α is odd.
(20)
Since p ≡ 1 (mod 4), therefore we can write p = x2 + y2 = (x+ iy)(x− iy) for some x, y ∈ Z with x odd
and y even. Moreover, as x2+ y2 ≡ 2 (mod 3), we must have x 6≡ 0 (mod 3) and y 6≡ 0 (mod 3) and thus
we can choose x, y such that x ≡ 1 ≡ −y (mod 3). Hence, we have
t2+(p) = −i(x+ iy)12 + i(x− iy)12 = −t2−(p).(21)
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By (12), for any odd α, t2+(p
α) = −t2−(pα). Further, it can be easily verified that
t2+(p)
2 = t2−(p)
2 ≡
{
162 (mod 35) if 3 || (x+ y),
0 (mod 35) if 9 | (x + y).(22)
By (11), we have for any even α
t2±(p
α) ≡
{
(−1)α/2−1
((
(α+2)α
8
)
p6α−12162− p6α
)
(mod 35) if 3 || (x+ y),
(−1)α/2p6α (mod 35) if 9 | (x+ y),
(23)
Finally, let p ≡ 1 (mod 12). Since p ≡ 1 (mod 3), therefore we can write p = z2 + 3w2 = (z +
w
√−3)(z − w√−3) for some z.w ∈ Z with z ≡ 1 (mod 3). Moreover, as z2 + 3w2 ≡ 1 (mod 4), we must
have z odd and w even and thus we have z + w ≡ z − w (mod 4). Hence, we have
t1±(p) =
{
(z + w
√−3)12 + (z − w√−3)12 if z + w ≡ 1 ≡ z − w (mod 4),
−(z + w√−3)12 − (z − w√−3)12 if z + w ≡ 3 ≡ z − w (mod 4).(24)
Since p ≡ 1 (mod 4), therefore we can write p = x2 + y2 = (x+ iy)(x− iy) for some x, y ∈ Z with either
x odd, y even or x even, y odd. Moreover, as x2 + y2 ≡ 1 (mod 3), we can choose x ≡ 1 (mod 3) and
y ≡ 0 (mod 3). Hence, we have
t2±(p) =
{
(x+ iy)12 + (x − iy)12 if x odd, y even,
−(x+ iy)12 − (x− iy)12 if x even, y odd.(25)
From (10), it is clear that t1+(p) + t1−(p)− t2+(p)− t2−(p) ≡ 0 (mod 34). Note that
± ((z + w√−3)12 + (z − w√−3)12 + (x+ iy)12 + (x − iy)12) ≡ ±2(x12 + z12) ≡ ±1 6≡ 0 (mod 3).
Thus, we must have if x odd, y even then z + w ≡ 1 ≡ z − w (mod 4) and if x even, y odd then
z + w ≡ 3 ≡ z − w (mod 4). In view of the equation x2 + y2 = z2 + 3w2, we can conclude that
t1±(p)
α ≡ ((−1)y)α (2αx12α + 12α2α−1x12α−2y2) (mod 35).
We can easily conclude that
t2±(p)
α ≡ ((−1)y)α (2αx12α + 111α2α−1x12α−2y2) (mod 35).
Also, for any n
p12n = (x2 + y2)12n ≡ x24n + 12nx24n−2y2 (mod 35).
Now by (11), we have for α = 2β,
t1±(p
α) ≡
(
β∑
δ=0
(−1)δ
(
2β − δ
δ
)
22(β−δ)
)
x24β +
(
β∑
δ=0
(−1)δ
(
2β − δ
δ
)
22(β−δ)
)
12βx24β−2y2 (mod 35)
(26)
≡ (α+ 1)x12α + 6α (α+ 1)x12α−2y2 (mod 35),
t2±(p
α) ≡
(
β∑
δ=0
(−1)δ
(
2β − δ
δ
)
22(β−δ)
)
x24β
(27)
+
(
β∑
δ=0
(−1)δ
(
2β − δ
δ
)
22(β−δ)(111(β − δ) + 12δ)
)
x24β−2y2 (mod 35)
≡ (α+ 1)x12α + 123α(α+ 1)(11α+ 26)x12α−2y2 (mod 35).
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And by (12), we have for α = 2β + 1,
t1±(p
α) ≡ (−1)y
((
β∑
δ=0
(−1)δ
(
2β + 1− δ
δ
)
22(β−δ)+1
)
x24β+12(28)
+
(
β∑
δ=0
(−1)δ
(
2β + 1− δ
δ
)
22(β−δ)
)
12(2β + 1)x24β+10y2
)
(mod 35)
≡ (−1)y ((α+ 1)x12α + 6α(α+ 1)x12α−2y2) (mod 35),
t2±(p
α) ≡ (−1)y
((
β∑
δ=0
(−1)δ
(
2β + 1− δ
δ
)
22(β−δ)+1
)
x24β+12(29)
+
(
β∑
δ=0
(−1)δ
(
2β + 1− δ
δ
)
22(β−δ)(111(2β + 1− 2δ) + 12(2δ))
)
x24β+10y2
)
(mod 35)
≡ (−1)y ((α+ 1)x12α + 123α(α+ 1)(11α+ 26)x12α−2y2) (mod 35).
We now proceed to complete the proof. Let there exist a prime p ≡ 11 (mod 12) with ordp(12n+ 13)
odd. By (15), it is clear that b27(n) ≡ 0 (mod 3). Assume ordp(12n+13) is even for all p ≡ 11 (mod 12).
Again by (15), we have ∏
p|(12n+13)
p≡11(12)
t1±(p
α) =
∏
p|(12n+13)
p≡11(12)
p6α =
∏
p|(12n+13)
p≡11(12)
t2±(p
α),
and 3 ∤ p6α for all p ≡ 11 (mod 12). Thus,
b27(n) ≡ 0 (mod 3)
⇐⇒
∏
p|(12n+13)
p6≡11(12)
t1+(p
α) +
∏
p|(12n+13)
p6≡11(12)
t1−(p
α) ≡
∏
p|(12n+13)
p6≡11(12)
t2+(p
α) +
∏
p|(12n+13)
p6≡11(12)
t2−(p
α) (mod 35).
Let there exist a prime p ≡ 7 (mod 12) with ordp(12n+ 13) odd. By (16), it is clear that
b27(n) ≡ 0 (mod 3)⇐⇒
∏
p|(12n+13)
p6≡11(12)
t1+(p
α) +
∏
p|(12n+13)
p6≡11(12)
t1−(p
α) ≡ 0 (mod 35).
Note, in view of (20) and (24), that if p ≡ 1, 5 (mod 12) then t1+(pα) = t1−(pα) for any α. Thus, we have
∏
p|(12n+13)
p6≡11(12)
t1+(p
α) +
∏
p|(12n+13)
p6≡11(12)
t1−(p
α) =
∏
p|(12n+13)
p≡1,5(12)
t1+(p
α)

 ∏
p|(12n+13)
p≡7(12)
t1+(p
α) +
∏
p|(12n+13)
p≡7(12)
t1−(p
α)

 .
Also note, in view of (18), that if p ≡ 7 (mod 12) then t1+(pα) = t1−(pα) for any even α. As t1+(pα) =
−t1−(pα) for any odd α, we have
∏
p|(12n+13)
p≡7(12)
t1+(p
α) +
∏
p|(12n+13)
p≡7(12)
t1−(p
α) =
∏
p|(12n+13)
p≡7(12)
α even
t1+(p
α)


∏
p|(12n+13)
p≡7(12)
α odd
t1+(p
α) +
∏
p|(12n+13)
p≡7(12)
α odd
t1−(p
α)


= (1 + (−1)u)
∏
p|(12n+13)
p≡7(12)
α even
t1+(p
α)
∏
p|(12n+13)
p≡7(12)
α odd
t1+(p
α),
where u is the number of odd α. If u is odd, clearly b27(n) ≡ 0 (mod 3). Suppose u is even. Using (17) it
can be verified that for any two primes p1, p2 ≡ 7 (mod 12), t1+(p1)t1+(p2) ≡ 0 (mod 35). Thus, we get
that b27(n) ≡ 0 (mod 3). Assume ordp(12n + 13) is even for all p ≡ 7 (mod 12). By (16) and (19), we
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have ∏
p|(12n+13)
p≡7(12)
t1±(p
α) ≡
∏
p|(12n+13)
p≡7(12)
p6α ≡
∏
p|(12n+13)
p≡7(12)
t2±(p
α) (mod 35),
and 3 ∤ p6α for all p ≡ 7 (mod 12). Thus,
b27(n) ≡ 0 (mod 3)
⇐⇒
∏
p|(12n+13)
p≡1,5(12)
t1+(p
α) +
∏
p|(12n+13)
p≡1,5(12)
t1−(p
α) ≡
∏
p|(12n+13)
p≡1,5(12)
t2+(p
α) +
∏
p|(12n+13)
p≡1,5(12)
t2−(p
α) (mod 35).
Let there exist a prime p ≡ 5 (mod 12) with ordp(12n+ 13) odd. By (20), it is clear that
b27(n) ≡ 0 (mod 3)⇐⇒
∏
p|(12n+13)
p≡1,5(12)
t2+(p
α) +
∏
p|(12n+13)
p≡1,5(12)
t2−(p
α) ≡ 0 (mod 35).
Note, in view of (25), that if p ≡ 1 (mod 12) then t2+(pα) = t2−(pα) for any α. Thus we have
∏
p|(12n+13)
p≡1,5(12)
t2+(p
α) +
∏
p|(12n+13)
p≡1,5(12)
t2−(p
α) =
∏
p|(12n+13)
p≡1(12)
t2+(p
α)

 ∏
p|(12n+13)
p≡5(12)
t2+(p
α) +
∏
p|(12n+13)
p≡5(12)
t2−(p
α)

 .
Also note, in view of (22), that if p ≡ 5 (mod 12) then t2+(pα) = t2−(pα) for any even α. As t1+(pα) =
−t1−(pα) for any odd α, we have
∏
p|(12n+13)
p≡5(12)
t2+(p
α) +
∏
p|(12n+13)
p≡5(12)
t2−(p
α) =
∏
p|(12n+13)
p≡5(12)
α even
t2+(p
α)


∏
p|(12n+13)
p≡5(12)
α odd
t2+(p
α) +
∏
p|(12n+13)
p≡5(12)
α odd
t2−(p
α)


= (1 + (−1)u)
∏
p|(12n+13)
p≡5(12)
α even
t2+(p
α)
∏
p|(12n+13)
p≡5(12)
α odd
t2+(p
α),
where u is the number of odd α. If u is odd, clearly b27(n) ≡ 0 (mod 3). Suppose u is even. Using (21)
it can be verified that for any two primes p1, p2 ≡ 5 (mod 12), when written as pi = x2i + y2i for i = 1, 2,
t2+(p1)t2+(p2) ≡
{
81 or 162 if 3 || (xi + y1) for both i = 1, 2,
0 if either 9 | (x1 + y1) or 9 | (x2 + y2).
Thus, if u ≥ 4 then b27(n) ≡ 0 (mod 3). For u = 2, if either 9 | (x1 + y1) or 9 | (x2 + y2) then also
b27(n) ≡ 0 (mod 3). Suppose u = 2 and 3 || (xi + y1) for both i = 1, 2. In view of (23), we get∏
p|(12n+13)
p≡5(12)
α even
t2+(p
α) 6≡ 0 (mod 3).
Hence, in view of (27) and (29), we get
b27(n) ≡ 0 (mod 3)⇐⇒
∏
p|(12n+13)
p≡1(12)
t2+(p
α) ≡ 0 (mod 3)
⇐⇒ ∃ p ≡ 1 (mod 12) with ordp(12n+ 13) ≡ 2 (mod 3).
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Assume ordp(12n+ 13 is even for all p ≡ 5 (mod 12). By (20) and (23), we have∏
p|(12n+13)
p≡5(12)
t1±(p
α) =
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α,
∏
p|(12n+13)
p≡5(12)
t2±(p
α) ≡
∏
p|(12n+13)
p≡5(12)
(
(−1)α/2−1 (α+ 2)α
8
p6α−12162 + (−1)α/2p6α
)
︸ ︷︷ ︸
those p for which 3 || (x+ y)
(30)
×
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α
︸ ︷︷ ︸
those p for which 9 | (x + y)
(mod 35)
≡ k · 81 +
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α (mod 35),
where k is defined in (3).
Assume k ≡ 0 (mod 3). We have
b27(n) ≡ 0 (mod 3)
⇐⇒
∏
p|(12n+13)
p≡1(12)
t1+(p
α)
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α ≡
∏
p|(12n+13)
p≡1(12)
t2+(p
α)
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α (mod 35)
⇐⇒
∏
p|(12n+13)
p≡1(12)
t1+(p
α) ≡
∏
p|(12n+13)
p≡1(12)
t2+(p
α) (mod 35).
Suppose ordp1 (12n+ 13) = ordp2 (12n+ 13) = · · · = ordpr (12n+ 13) = α, pl ≡ 1 (mod 12) for each l. In
view of (26), (27), (28) and (29), we have
r∏
l=1
t1+(p
α
l ) ≡ ((−1)y1+···+yr)α
r∏
l=1
(
(α+ 1)x12αl + 6α(α+ 1)x
12α−2
l y
2
l
)
(mod 35)
≡ ((−1)y1+···+yr)α(α+ 1)r
×

(x1 · · ·xr)12α + 6α(x1 · · ·xr)12α−2 ∑
i1<···<ir−1
j 6=is
(xi1 · · ·xir−1yj)2

 (mod 35),
r∏
l=1
t2+(p
α
l ) ≡ ((−1)y1+···+yr)α
r∏
l=1
(
(α+ 1)x12αl + 123α(α+ 1)(11α+ 26)x
12α−2
l y
2
l
)
(mod 35)
≡ ((−1)y1+···+yr)α(α+ 1)r
×

(x1 · · ·xr)12α + 123α(11α+ 26)(x1 · · ·xr)12α−2 ∑
i1<···<ir−1
j 6=is
(xi1 · · ·xir−1yj)2

 (mod 35)
Thus, going by the notations of (4), (5) and (6), we get∏
p|(12n+13)
p≡1(12)
t1+(p
α) ≡
∏
p|(12n+13)
p≡1(12)
t2+(p
α) (mod 35)
⇐⇒
∏
α
(α+ 1)rα(Aα + 6αBα) ≡
∏
α
(α+ 1)rα(Aα + 123α(11α+ 26)Bα) (mod 3
5),
where the product is taken over all distinct α = ordp(12n + 13) with p ≡ 1 (mod 12). Since Bα ≡ 0
(mod 9) for each α, therefore expanding the products on both sides involving the terms Aα, Bα and
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comparing we obtain∏
p|(12n+13)
p≡1(12)
t1+(p
α) ≡
∏
p|(12n+13)
p≡1(12)
t2+(p
α) (mod 35)
⇐⇒6
(∏
α
(α+ 1)rα
)∑
α

αBα ∏
β 6=α
Aβ




≡ 123
(∏
α
(α+ 1)rα
)∑
α

α(11α+ 26)Bα ∏
β 6=α
Aβ



 (mod 35)
⇐⇒2
(∏
α
(α+ 1)rα
)∑
α

αBα ∏
β 6=α
Aβ




≡ 41
(∏
α
(α+ 1)rα
)∑
α

α(11α+ 26)Bα ∏
β 6=α
Aβ



 (mod 34)
Assume k ≡ ε (mod 3) in (30) where ε = 1 or 2. We have
b27(n) ≡ 0 (mod 3)
⇐⇒
∏
p|(12n+13)
p≡1(12)
t1+(p
α)
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α ≡
∏
p|(12n+13)
p≡1(12)
t2+(p
α)

81ε+ ∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α

 (mod 35)
⇐⇒
∏
p|(12n+13)
p≡1(12)
t1+(p
α)
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α ≡ (81d+ 1)
∏
p|(12n+13)
p≡1(12)
t2+(p
α)
∏
p|(12n+13)
p≡5(12)
(−1)α/2p6α (mod 35)
⇐⇒
∏
p|(12n+13)
p≡1(12)
t1+(p
α) ≡ (81d+ 1)
∏
p|(12n+13)
p≡1(12)
t2+(p
α) (mod 35)
⇐⇒2
(∏
α
(α+ 1)rα
)∑
α

αBα ∏
β 6=α
Aβ




≡ 41(81d+ 1)
(∏
α
(α+ 1)rα
)∑
α

α(11α+ 26)Bα ∏
β 6=α
Aβ



 (mod 34)
where d = εd′, d′ ∈ Z is the inverse of ∏p|(12n+13)
p≡5(12)
(−1)α/2p6α in (Z/35Z)∗.
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